o 



Generalized forms and vector fields 

Saikat Chatterjee, Amitabha Lahiri and Partha Guha 

S. N. Bose National Centre for Basic Sciences, 

O . Block JD, Sector III, Salt Lake, Calcutta 700 098, INDIA 

Cn I saikat, amitabha, partha, @boson.bose.res.in 

>' 

) ^ ' Abstract. The generalized vector is defined on an n dimensional manifold. Interior 

^^ , product. Lie derivative acting on generalized p-forms, —1 < p < n are introduced. 

0^ ' Generalized commutator of two generalized vectors are defined. Adding a correction 

^ ^ ■ term to Cartan's formula the generalized Lie derivative's action on a generalized vector 

fvq I field is defined. We explore various identities of the generalized Lie derivative with 

^ ' respect to generalized vector fields, and discuss an application. 
O 

\o 

O 

'nJ- ■ PACS numbers: 02.40.Hw, 45.10.Na, 45.20.Jj 



O 
O 

-(— > 



X 



1. Introduction 

The idea of a — l-form, i.e., a form of negative degree, was first introduced by 
Sparling [T|, [2] during an attempt to associate an abstract twistor space to any real 
analytic spacetime obeying vacuum Einstein's equations. Sparling obtained these forms 
from the equation of the twistor surfaces without torsion. There he assumed the 
existence of a —l-form. 

Nurowski and Robinson [21 S] took this idea and used it to develop a structure of 
generalized differential forms. They studied Cartan's structure equation, Hodge star 
operator, co differential and Laplacian operators on the space of generalized differential 
forms. They found a number of physical applications to mechanical and physical field 
theories like generalized form of Hamiltonian systems, scalar fields, Maxwell and Yang- 
Mills fields and Einstein's vacuum field equations. Guo et al. [5j later found that 
Chern Simons theories can be related to gravity using the language of generalized forms. 
Robinson [6] extended the algebra and calculus of generalized differential forms to type 
A^, where A^ is the number of independent —l-form fields in the structure. A^ = 1 
represents the ordered pair representation of [31 H]. We also work in A^ = 1 case. 
Action of ordinary vector fields on generalized forms are discussed by Nurowski and 
Robinson [4], i.e. interior product. Lie derivative of generalized forms with respect to 
ordinary vector fields. In this paper we introduce the generalized vector field V as an 
ordered pair of an ordinary vector field Vi and ordinary scalar field Vq, V = (fi,t;o)- 

In ||2] we briefly discuss generalized forms, their products and exterior derivative 
developed by Sparling and Nurowski-Robinson. In §3] we define the interior product 
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of a generalized p-forin with a generalized vector field as a mapping from generalized 
p-forms to generalized p — 1-forms and various identities are discussed. In §1] we 
define the generalized Lie derivative of a generalized p-form using Cartan's formula. 
It follows that a generalized bracket of two generalized vector fields can be defined 
and generalized vector fields form a Lie algebra with this generalized bracket. But 
the Lie derivative of a vector field cannot be defined using Cartan's formula. So in 
[|5] we add a correction term with Cartan's formula and define a new and improved 
generalized Lie derivative. This allows us to define the Lie derivative of a generalized 
vector field. The Lie derivative satisfies Leibniz rule and linearity, while the definition 
of generalized commutator remains the same. In [|6]we give an alternative construction 
of the generalized vector field assuming the existence of a special kind of vector field. Its 
properties are discussed and the results compared with the relations obtained earlier. 
Finally, an example is given in ^ where we discuss the Hamiltonian of the relativistic 
free particle in the language of generalized forms and generalized vector fields. 

2. Generalized j?- forms 

Let M be a smooth ra-dimensional manifold, C°^{M) the ring of real- valued smooth 
functions, X{M) the Lie algebra of vector fields and VP{M) the C°°(M)-module of 
differential p-forms, 1 <p <n. 

A generalized p-form a on M is defined [3], H] as an ordered pair of an ordinary 
p-form ftp and an ordinary p + 1-form a^+i, 

P 

= (ftp, Op+i) . -l<p<n (1) 

Since there is no such thing as an ordinary —1-form or an ordinary n+ 1-form (Sparling's 
—1-form is by no means ordinary, as we shall discuss later), 

a=(0,ao), a=(a„,0). (2) 

We will denote the space of generalized p-form fields on M by V!Fq{M). 

The wedge product of a generalized p-form a= (op, ctp+i) and a generalized g-form 

b = (/5^, /5g+i) is a map A : fi^(M) x fi^(M) -^ fi^+'^(M) defined as [3] 

p <? 

a A b= (ap/3<j, ap/3<j+i -h (-l)'^ap+i/5g). (3) 

Here and below, we write oiy(5q for the (ordinary) wedge product of ordinary forms a^ 
and (iq , without the A symbol, so as to keep the equations relatively uncluttered. We 
will use the A symbol only to denote the wedge product of generalized forms. Clearly, 
the wedge product as defined above satisfies 

SAb=(-l)P^b Aa, (4) 

exactly like the wedge product of ordinary forms. 

The generalized exterior derivative d : fi^ -^ ^^ is defined as 

d a= (dap -h (-l)^'^"^fcap+i, dctp+i). (5) 
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Here d is the ordinary exterior derivative acting on ordinary p-forms and fc is a 
nonvanishing constant. It is easy to check that the generahzed exterior derivative 
satisfies the Leibniz rule on generahzed forms, 

d(aAb) = (da)Ab+(-lfaA(db). (6) 

We make a smaU digression here to note that there is an ahernative definition of 

the generahzed p-formas we mentioned at the beginning. In this we start by assuming, 

following Sparling[lJ, the existence of a (— l)-form field, i.e., a form of degree —1. 

Denoting this form by C, , and using d = , we find that we should have d^ = fc , with 

k a constant. Then a generalized p-form is defined in terms of an ordinary p-form Up 

and an ordinary {p + l)-form Op+i as 

p 

a= ap + Op+i AC- (7) 

Note that C is not a differential form in the usual sense, i.e., given an ordinary one- 
form ai, the wedge product ai A C is not a function on the manifold. However, if we 
nevertheless treat the object of Eq. ([7]) as an ordinary p-form, we find using C A C = 
that the wedge product of two such forms is 



p 



q 



aAb = ap(3g + {ap(3q+i + {-iyap+i(3g) AC, (8) 

while the exterior derivative of such a p-form works out to be 

d a= dap + {-ly^^kop+i + da^+i AC- (9) 

The two definitions in Eq.s ([T]) and (JTj) are clearly equivalent. We will employ the first 
definition in all calculations. 

3. Generalized vectors and contraction 

In order to go beyond forms and define generalized tensor fields, we will need to define 
a generalized vector field. We could define a generalized vector as an ordered pair of a 
vector and a bivector, dual to a generalized one-form, referring either to the ring of real 
functions, or to the ring of generalized zero-forms. Both these definitions quickly run 
into problems. The interior product with generalized forms is ill-defined in one case, 
and fails to satisfy Leibniz rule in the other. In this paper we propose a new definition 
of the generalized vector field. 

3.1. Generalized vector fields 

We define a generalized vector field V to be an ordered pair of an ordinary vector field 
Vi and an ordinary scalar field vq, 

V:={v,,Vo), v,eX{M),voeC°^{M). (10) 

Clearly, the submodule fo = of generalized vector fields can be identified with the 
module of ordinary vector fields on the manifold. We will write Xg{M) for the space of 
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generalized vector fields on M . On this space, ordinary scalar multiplication is defined 

by 

\V={\vi,\v^), (11) 

as expected. On the other hand, we can define generalized scalar multiplication, by a 
generalized zero-form a= (ao,ai), by 

aV = {aovi, a^vo + v^i) G Xg{M) , (12) 

where i is the usual contraction operator. Note that on the submodule f q = , i.e., on 

ordinary vector fields, the generalized scalar multiplication is different from the ordinary 

scalar multiplication given in Eq. (ITTl) . The generalized scalar multiplication is linear, 

and satisfies 



a{hV) = {a^h)V . (13) 

3.2. Generalized contraction 

Next we define the generalized contraction, or interior product Jy, with respect to 

a generalized vector V = (fi,fo), as a map from generalized p-forms to generalized 

{p — l)-forms. We will define this mapping in such a way that, given a generalized 

p 
p-form a= (a^, Op+i) , setting uq = and ctp+i = gives the contraction formula of 

an ordinary vector with an ordinary j9-form. Then we can define the most general 

contraction formula ly '■ ^g — > ^^ as 

p 
Iv a= {iy.ap , \{p) vop+i + r(p) Voap) , (14) 

where X{p) and r(p) are unknown functions. 

Now we impose Leibniz rule on the contraction formula, so that ly is a A-anti- 
derivation, 

Iy{^a A b) = {Iv a)A b +(-1)^ a A(/y b) . (15) 

We find from this condition, using Eqs. ([3]) and flT4l) . that 

X{p) = l, (16) 

and 

(_l)V(p) + (-l)Mg)=r(p + g). (17) 

The non-trivial solution of this is r(p) = p(— 1)^^^ , up to an arbitrary constant, which 
we will set to unity. 

Thus the formula for contraction of a generalized vector field with a generalized 
p-form is 

Iv a= {i^.ap ,i^^ap+i + p{-lY~'^Voap) . (18) 

The interior product is linear under ordinary scalar multiplication, 

Iv+iiW = Iv + fJ'Iw, (19) 
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where /x is an ordinary scalar field, but it fails to satisfy linearity under generalized 
scalar multiplication, 

9 5 

h h ^ a{Iv b) 

aV 

^Iv{aAb). (20) 

The generalized interior product, when restricted to the ordinary subspace of vector 
fields, i.e., to generalized vector fields of the type V = {v, 0) , is identical to the interior 
product of ordinary differential geometry, acting independently on the two ordinary 
forms which make up a generalized form. However, several relations which hold for the 
ordinary interior product are not satisfied by the generalized one; we list a few here. 

(i) The generalized interior product does not anticommute; for two generalized vector 

p 
fields V = (f 1, Vq) and W = {wi, Wq) and any generalized p-form a= (ctp, a^+i) , 

{Ivlw + Iwh) a= {-lY-\w^i,, + t;o2.„J(0, «p) ^ . (21) 

(ii) Contraction of the generalized zero-form does not vanish, 

/ya=(0,2,,«i). (22) 

(iii) Contraction of a generalized one-form is a generalized scalar, 

Iv a= {iv^ai, f ocu + ^0:2) • (23) 

It follows that the space of generalized vector fields Xg{M) is not the dual space 
of generalized 1-form fields r2jj(M). 

4. Lie derivative: first attempt 

Equipped with the generalized exterior derivative and generalized inner derivative we 
can define a generalization of the Lie derivative. In his book [7], Cartan introduces a 
combination of the exterior derivative and the interior product which was coined as the 
'Lie derivative" by Sledbodzinsky. Marsden calls this Cartan's "magic formula". The 
Lie derivative with respect to a vector field v acts on exterior differential forms according 
to Cartan's magic formula: 

L^a = ivda + diivo) . (24) 

This formula does not depend on the metric imposed upon the base space of independent 
variables, and has been called the homotopy formula by Arnold. 

We will take as our starting point Cartan's formula for the Lie derivative of a p- 
form with respect to a vector, and generalize that. However in ^we will find that the 
resulting derivative is problematic when applied on a generalized vector field and we 
have to add an extra correction term. 

For the moment, let us define the generalized Lie derivative £y with respect to the 
generalized vector field V , Ly : r2^(M) — >• n^(M) , as 

P V V 

Ly a= /yd a H-d/y a , (25) 
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which is a generahzation of Cartan's formula. Using Eqs. ([S]) and fllSp . we find that 

v 
Cy a= {Ly^ap — phvottp , L„^ap+i — (p + l)kvoap+i 

+ pi~lY-\dvo)ap + i-iyvodap) , (26) 

P 

where as usual a= (a^, Op+i) , V = (f i, Vq) , and Ly^ is the ordinary Lie derivative with 
respect to the ordinary vector field vi. This formula will be modified later on, but let 
us check the consequences of this formula here. 

This generalized Lie derivative is a derivation on the space of generalized forms, 
satisfying Leibniz rule and linearity, 

CviaAb) = {Cva)Ab + aA{Cvb), (27) 

^xv+w = ^^v + ^w ) (28) 

where V, W are generalized vector fields and A is an arbitrary constant. 

4-.1. Generalized commutator and Jacobi identity 

We recall that the ordinary Lie derivatives L„^ and L^^ with respect to ordinary vector 
fields f 1 and wi acting on an ordinary p-form ap satisfy 

-'-'vi-'-'wiC^p -'-'wi-'-'viC^p -'-'[vi,wi](^p ; V^"^/ 

where [vi ,Wi] is the usual commutator between the ordinary vector fields Vi and Wi. 

We will generalize this formula to compute the generalized commutator of two 
generalized vector fields. We will compute the generalized bracket 

[Cy 5 ^w] CI '■= i^v^w — ^w^v) ; (30) 

and see if we can find a vector field {V, W} such that [Cy , j^w] = '^{v,w}- We will then 
define {V^, W} as generalized commutator of generalized vector fields V,W & Xg{M). 

Expanding the right hand side of Eq. (1301) . we find that it does have the form of a 

p 
generalized Lie derivative of a with respect to a generalized vector field. So we can in 

fact write 

p p p 

jCyjCw CI —jCw^V Cl= ^{V,W} CI, (31) 

where {V, W} is a generalized vector field, the generalized commutator of V and W. 
For V = {vi,vo) ,W = {wi, wq) , the generalized commutator is calculated directly using 
Eq. ([26]) to be 

{V, W} = ([vi , wi] , Ly,wo - L^.vo) . (32) 

We get back ordinary commutation relation for ordinary vector fields by setting 
f 0, Wo = 0. This generalized commutation relation can be identified with the Lie algebra 
of a semidirect product X{M) k C°^{M) . 

Generally speaking, let {yi^Wi) be the elements of the Lie algebra of vector fields 
on M, and {vq^wq) the elements of C°°{M) , which is an Abelian Lie algebra under 
addition. The Lie algebra of the semidirect product is defined by Eq. fl32|) . 
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We can check from its definition that {V, W} is antisymmetric in V and W 
and bihnear. And we can also calculate directly that Jacobi identity is satisfied, for 
U,V,WeXG{M), 

{f/, {V, W}} + {V, {W, U}} + {W, {f/, m = . (33) 

Therefore the space Xg{M) of generalized vector fields together with the generalized 
commutator { , } form a Lie algebra. 

5. Lie derivative: improvement 

While we could use Cartan's formula for a definition of the Lie derivative on forms, we 

have to find another definition for the Lie derivative of a vector field. We will do this by 

assuming that the generalized Lie derivative is a derivation on generalized vector fields. 

In other words, we want that the following equality should hold for any two 

V 

generalized vector fields V, W , and any generalized p-form a : 

^v{Iw o) = Iwi^v a) + ^£v H/ a , (34) 

where we have written LyW for the action of Cy oii W^- This is what we would like to 

define as the Lie derivative of W with respect to V . However, from Eqs. ( fTSj) and ( !26l) 

we find that 

v V p 

Cv{Iw a)—IwCv Cl= I{[vi,wi]+kvQW-i,L^iWQ-L^^vo) ^ —( — 1)^(0, -^^,q^„^ Op) .(35) 

We see that Cy on generalized vectors cannot be defined if the Lie derivative of a 
generalized p-form is as in Eq. (1261) . We can try to resolve this problem by modifying 
the formula for the Lie derivative of a generalized p-form, by adding an extra term of 
the form (0, /3p+i) to the right hand side of Eq. fl26|) . This ordinary p+ 1-form /5p+i must 
be constructed form vq and a^, such that setting t>o = implies /5p+i = . Also, this 
/3p+i should not depend on Op+i or vi since the extra term in Eq. (135!) does not depend 
on these objects. Then most general expression for /3p+i is 

/?p+i = (-l)^(7(p)^odap + <5(p)(dt;o)ap) . (36) 

With this extra term, we can define the modified Lie derivative £y as 

£ya=£v^a+(0,/?p+i). (37) 

Now if we calculate Cylw ci —Iw^v ^ ■, we find that we must have 5{p) = p and 

l{p) = ~1 ill order that CyW is well-defined. Therefore we get 

^ p p 

Cv a = Cv c, +(— 1)''(0, — t;odQ;p + pdv^ap) 

= {Ly^ap - pkvoap, L^^ap+i - {p + l)kvoap+i) . (38) 

This is a modification of the formula given in Eq. ( l26l) . 

It can be checked easily using Eq. (138|) that this new and improved generalized Lie 
derivative satisfies the Leibniz rule, 

Cv{aAb) = {Cva)Ab + aA{Cvh, (39) 
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where V G Xq, dE ViFq and be Vt^. 

We can now write the generahzed Lie derivative of a generahzed vector field. Using 
Eq. (HHD and ^ we find 

C-ylw — Iw^V = I{[vi,wi]+kvowi,L^^wo) ■ (40) 

Therefore we can define the generahzed Lie derivative of a generahzed vector field as 

tyW = i[vi,wi] + kVoWi, L^^Wq) , (41) 

where V = {vi, vo),W = {wi, wq) , and vi, wi G X{M) , vq, wq G C°°(M). 

Note that Vq,Wo = gives the ordinary Lie derivative of an ordinary vector 
field. Also, the new generalized Lie derivative on generalized vector fields is not the 
generalized commutator. It can be checked using the new and improved definition that 
the commutator of two generalized Lie derivatives is also a generalized Lie derivative as 
in Eq. ( 13T1) and definition of generalized commutator of two generalized vectors remains 
the same as in Eq. (132|) . 

CvCw - twtv = C{v,w} ■ V,WeXG (42) 

Note that both sides of this equation can be taken to act either on a generalized p-form 
or on a generalized vector. 

6. Alternative definition of a generalized vector field 

In ||2] we defined a generalized p-form as an ordered pair of an ordinary p-form and 

an ordinary p + 1-form, and equipped the space of these objects with a generalized 

wedge product and a generalized exterior derivative. All calculations were done using 

this definition. As was mentioned there, we could have used an alternative definition, 

assuming the existence of a "—1- form" ( such that d( = k where k is a. constant. Then 

p 
a generalized p-form can be defined as a= ap + ctp+iC , and has identical properties with 

the generalized p-form defined as an ordered pair. 

Coming back to generalized vector fields, we defined these objects as ordered pairs 

in ^ and did all the calculations using this definition. The purpose of this section 

will be to give an alternative definition of the generalized vector field in analogy with 

the —1-form of Sparling et al. and to show that the results found so far follow from 

using this definition also. Let us then define a generalized vector field as the sum of an 

ordinary vector field and a scalar multiple of a special vector field X , 

V = vi+voX. (43) 

The vector field X is not an ordinary vector field, but may be thought of as the unit 
generalized vector. It will be defined by its action on ordinary p-forms, 

txap=p{-ir-'apAC, (44) 

for any ap G Q^{M). Note that this formula for ix automatically satisfies the Leibniz 
rule for contractions, 

ixiapPg) = {ixap)P<] + i-iyapiixPg) ■ (45) 
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V p 

Note also that ix ci= ixap, where as usual, a= ap + Op+iC • 

We can define the contraction of a generalized p-forni by an ordinary vector field 

vi e X{M) as [U 

P 

ivi a= i^^ap + (iv^ap+i) A C • (46) 

Using the definitions given in Eqs. (I44l) and ( l46l) we can now define the contraction of a 
generalized form by a generalized vector field V = vi + vqX as 

iv a= i,^ap + {p{-lY'^voap + v^p+i) A C • (47) 

Clearly, this agrees with the contraction formula defined earlier in Eq. (IT8l) . 

We can use this contraction formula in conjunction with Cartan's magic formula 
to calculate the Lie derivative of a generalized form with respect to a generalized vector 
field. Let us first calculate the Lie derivative of a generalized form with respect to an 
ordinary vector field f i . Using Cartan's formula we can write 

P 

L^^ a= L^^ap + (L^^ap+i) A C • (48) 



We can now calculate the Lie derivative of vqX with respect to an ordinary vector field 

p 

■ 1 



Wi. Using the results obtained so far, we get, for any generalized p-form a 
LwXoX -ivoxLwi a. = p{-iy~^^{L^^Vo) ap 

Therefore, 



Hl^.vo)x^^ ■ (49) 



L^, {voX) = {L^,Vo)X , L^,X = . (50) 

The Lie derivative of a generalized form with respect to the special vector field X 
can be calculated using Cartan's formula, 

^vox ci= -pkvoap + (- {p+ l)kvoap+i 

+ pi-lY-\dvo)ap + i-iyvodap)AC. (51) 



Finally, combining the results obtained so far, we get the Lie derivative of a generalized 



form a= ap + ap+i A ( with respect to a generalized vector V = vi + vqX, 
Cv a = (diy + iyd) a 

= Ly^ap - pkvoap + (l^^ap+i - {p + l)kvoap+i 

+ p{~lY-\dvo)ap + (-l)%dap) A C • (52) 

Let us now try to define the Lie derivative of an ordinary vector field wi with respect 
to VqX can be defined. It is straightforward to calculate that 

-^vo^^wi '^ ~'^wi^voX <^= ikvowi-{Lu,iVo)X CI —( — 1) [Lvowiap) A ( . (53) 

Because of the last term, the Lie derivative of an ordinary vector with respect 
to a generalized vector cannot be defined. However, we can correct the situation by 
modifying the Lie derivative, following a procedure similar to that used for calculating 
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the correction term in §3 Then we find that the Lie derivative with respect to the 
special vector field VqX needs to be defined as 

^va ^ = ^vox a +{-lY{-vodap + p{dvo)ap) A C 

= - pkvoap - {p + l)kvoap+i A C . (54) 

It follows from this definition that 

*-'voX'^wi CI ^uii-'-iioX CI — T'kvQWi CI, l'^"3J 

from which we can write 

-^t-ox^f^i = kvQiui . (56) 

Also, we can calculate from this definition that 



'^i;o^^woX CI — '^wo-^'^t'oX CI = , (57) 

=> C^a^oX =0. (58) 

So the complete expression for the modified Lie derivative, acting on generalized forms, 
is 

Cv a = {L^^ap - pkv^ap, L^^Up+i - {p + l)A;i;o"p+i) • (59) 

This Lie derivative also satisfies the Leibniz rule on wedge products of generalized forms. 
Now we can directly calculate the generalized Lie derivative of a generalized vector 
field as 

^vr+vox{wi + WqX) = [vi,Wi] + kVoWi + L^^WqX . (60) 

We can also calculate the commutator of Lie derivatives to find that 

^(vi+vqX)^(wi+woX) ~ '^(wi+tuo^)'^(^i+^o^) ~ ^{[vi,wi]+X{L^-^wo-L^-^vo)) ■ ("I) 

So the generalized commutator can be defined as 

[V^, W] = [v,,wi] + X{U,wo - L^.vo) , (62) 

where V = vi + vqX, W = wi + wqX . 

This generalized commutator satisfies Jacobi identity, as can be checked easily. 
Hence, we obtain all the earlier relations of ^ §4] and fusing the alternative definition 
of generalized vector fields. 

7. Application: Relativistic free particle 

Carlo Rovelli analysed the Hamiltonian formalism of the relativistic mechanics of a 
particle [8]. This analysis can be formulated in the language of generalized vector fields 
and generalized forms. 

Let a system be described by Hamiltonian HQ{t, q^,Pi), where g* are the coordinates. 
Pi are the conjugate momenta and t is the time. Now we can define an extended 
coordinate system as g° = (t, g*) and corresponding momenta as Pa = (II, pi). We 
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define a curve in this extended space as m : r — > {q"'{T),Pi{T)). Here the constrained 
Hamiltonian will be 

H{q'',pa) = U + Hoit,q\pi) = 0. (63) 

Now if we consider the Hamiltonian equation for this constrained Hamiltonian, following 
Rovelli we can write 

Jyfi = , (64) 

where ^ is a generalized vector, V = (i;i, Wq) ? aiid fi is a generalized 2-form. Let us also 
define fl as 

n = {iu,uje). (65) 

Here 6 = Padq"' is the canonical one-form and uj = d6. So we get 

iv^uj = , (66) 

-2voUJ + i^,{uje) = . (67) 

We can identify Eq. (l66l) as the same as the one considered by Rovelli and so vi is the 
tangent vector of the curve m 

where a dot denotes the differentiation with respect to r. Now using Eq.s (l66l) . (|67|) and 
(EHD, we find 



vo = l/2{piq^ - Hoi) 

= l/2{piq' + m) . (69) 

The function within the bracket in right hand side is exactly the constrained Lagrangian. 
So f is propotional to the constrained Lagrangian of the system. 
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